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Gravitational Theory Based on Relativistic
Mechanics

Cui Douxing!
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Introducing a metric space, we propose a gravitational theory in which the form
of the basic equations of mechanics, the field equations, and the equations of
motion are the same as that of the corresponding equations in electrodynamics. The
theory reveals a very close relation between the gravitational and electromagnetic
fields. Finally, we consider the field due to an arbitrarily moving mass point.

1. INTRODUCTION

In relativistic mechanics, the equations of motion for a mass point have
the form

d 0 = L Vall
& (mu) =BG (1)
where G' is a four-vector known as the Minkowski force, u' = dx'/dr, dt =
B ldt,B=(1—-vIAD "0 =ict,x! =x, 2=y, =z and v’ = # +
» + 2

On the other hand, 4 can be considered as functions of time and coordi-
nates x‘, i = 1, 2, 3, and we have
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since
3

3
Y woul = Y B lwioul = % B~ 'aBM?) = c*98
j=1 J

Here we use 9,, d;, and %/ for 8/dt, 9/0x/, and dx//dt, respectively.
From (2) we have

d gy = v. 4 _
A (c‘B) =V-L, p (ma) = m(L + VX M) 3)

where
L=—-grad® - dA, b =-cB8, A,=-u, b=1,23

M=r1otA, A=(A,A,4;), V=022, u=u, o)
4)

The unknown functions L and M can be obtained from a system of partial
differential equations, namely the field equations, with some additional
conditions.

As shown above, equations (1) can be written in the form of equations
(3), and the relativistic force is expressed as

BIGO = %V-L, B-YG', G% G*) = m(L + V X M)

Inasmuch as the form of the right-hand side of equations (3) is the same
as that of the Lorentz force in electrodynamics and the definitions of L and
M in (4) yield the half of the Maxwell field equations

rotL +9M =0, divM =0 5)

it is natural to believe L and M also satisfy the other half of the Maxwell
field equations (for empty space)

divN =0, mtK-9dN=0 6)

where N = L, K = (1/pg)M, € = 1/c?, and € and ., are parameters.
Sections 2 and 3 are devoted to the derivation of equations (6).

2. THE GEOMETRY

It is well known that universal gravitation does not fit into the framework
of uniform Galilean space. It is possible, however, to base a theory of universal
gravitation on the idea of abandoning the uniformity of space as a whole
and attributing to space only a certain kind of uniformity on an infinitesimal
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scale. There still exists on the infinitely small scale a uniformity like the one
expressed by the Lorentz transformations. That this is so is connected with
the fact that in the vicinity of a given point of space a gravitational field can
be imitated by a field of acceleration (the principle of equivalence). It is
obvious that at least one nonuniform space exists, that is, real space, and in
which the form of the expression for the space-time interval between two
infinitesimally near world points is preserved under Lorentz transformations.
In the general case of Riemannian geometry there are no transformations of
the coordinates that leave invariant the coefficients g,a(x°, x', x?, x°) of the
quadratic form for the squared infinitesimal distance invariant. However,
since in the vicinity of a given point of space the gravitational field can be
imitated by a field of acceleration, it is natural to write g,5 in the form

,_dx
= 0 1 2 3. i
guB gqﬁ(u|u,u,u), U d’r

= w0, 20, oBi=0,1,273
where d7 is a scalar, and g(«) is an invariant form. The invariance of the
expression for g,s under Lorentz transformations is expressed by g.,s =
8op(u'®, u'', u'?, u'?), u'" = dx'l/dr. This is a necessary condition of the
principle of relativity.

The special theory of relativity formally characterizes relativistic physics

by the invariance of the expression for the space-time interval between two
world points

Sh=t =)~ —x) =~ -y —(@—z)

The invariance of this quadratic form of the coordinate differences restricts
the group of all conceivable linear transformations of the four coordinates
X, V¥, Z, and ¢ to that of the Lorentz transformations. We shall show that it is
possible to introduce a nonuniform space such that the expression for the
space-time interval between two infinitesimally near world points is Lorentz
invariant under the above-mentioned meaning. If we put X = ct,
i=J/~1,andx = x',y = x% z = 2, then the inverse Lorentz transformation
is of the form

x = cix'* or dx = cidx'*, cich = 8y,

{o, i#k=0,1,273

I, i=k 7

Ou =

With the aid of (7) we obtain

B3ax%)? = B'~H(dx"%)? ®)
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It follows from (8) that B~'dr = B'~!dt’. If we put dv = B~ ldt =
B'~'dr', u' = dx'ldr, and u'' = dx'/dr, then from (7) we have

W = chu'* ()

where

0N|<

We write the fundamental quadratic form as
ds? = gydx'dx’ (10)

The coefficients g; must be so chosen that the form of (10) is preserved
under Lorentz transformations. If we impose this condition on the coefficients
g~ then

gy = cidy + cou'n/ (11)

where ¢; and ¢, are constant. The substitution from (7) converts (10) into
ds? = g;cicidx'*dx'". Thus,
Bin = giCich = (€18 + cuiud)cich,
= ¢ycich + cxchchcichu'™u't = ¢y, + cou'fu't

Clearly, the form of (1) is preserved and therefore the form of (10) is
preserved under Lorentz transformation if g; is defined by (11). On the other
hand, if g; is defined by (11), then it can be proved that the invariance of
the form of (10) restricts the group of all conceivable linear transformations
to that of the Lorentz transformations. The proof is quite elementary and will

be omitted here. Since (u')> = —c?, the contravariant metric tensor can be
written as follows:

. l .. Cy L.
= §f + — 2 iyd 12
g o cl(—Cl " CQCZ) uu ( )
Inasmuch as ds?* = gydx'dx/ = (—c| + cP)c’dv* and g = gyl =

ci(c, — cac?), where g denotes the determinant of the covariant metric tensor,



Gravitational Theory Based on Relativistic Mechanics 1477

it is natural to restrict the choice of constants ¢, and ¢, by conditions which
ensure that ds* = ¢?dt* and g = —1. Thus, ¢; = 1, ¢; = 2/c?, and

2 y " o
gU = 8,1 + ? uiuj, gU = 8"’ + sz'u‘u" (13)

From (9) we know that ' is a contravariant vector, namely, four-dimen-
sional velocity. The covariant vector is written as u; = g;u/ = —u'. In order
to formulate field equations and the equations of motion in this geometry,
we introduce some scalars and vectors.

(1) If ug o denotes the covariant derivative of the vector ug, then F g =
Upa — Uap = OaUg — Opli is a tensor and F, = uPFy, is a vector. Further,

F F* = uPFa u*F, 8" = u*uPdqu,dpu, (14)

is a scalar.

(2) If we denote the Christoffel symbol, the second-rank curvature tensor,
and the curvature scalar by I'}, Ry, and R, respectively, then since ﬁ =
1, we have

J—8R = g* Ry = g*@ Ty — &Ly + T4l — TiTh)  (15)
= /-gG+ % 3a(UPdpity)
where
\/_—EG = % Oqltg - Oply — % Qoo " Bplty — % Oy OoUp (16)

2
G uubd,u, - dguy

3. THE FIELD EQUATIONS AND THE EQUATIONS OF
MOTION

Since
uPdug = —uPduP = —19,(uP)? = $d,c* = 0
d (3
d_L':‘ = uBBBu"‘ = —uBBBu,,
it follows that
di>
dr?

Equation (17) denotes the equations of motion and yields equations (3).

= uPF,q (17)
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The field equations for empty space can be represented as the Euler—
Lagrange equations of a variational problem. The integral is a four-dimen-
sional integral

I=JA JogdQ,  8I=0, dO=dldidld®  (18)

The geometrical properties are indissolubly linked with the field of
acceleration. As was shown above, R and F,F* are scalars concerned with
the geometrical properties and the field of acceleration, respectively. Thus it
is natural to define A as A = R + kF,F®. The constant k will be determined
later. With the aid of (15), the variation of the integral (18) can be represented
as follows:

ol =98 J (R + kF F*)/—g dQ)

=3 J (G + kFF*)/—g dQ + % f 34[8(uPaguL)] dO

The last integral vanishes.
We have

o = [a(c + kFF) =g (G + kFFY) =g
_J du; ! 3(du;)

]8u,dﬂ=0

and therefore

AG + KFuF™)J~g . G + kFuF)/ g _
u; ! a(au;)

0 (19)
Substitution from (14) and (16) converts (19) into

4
(? - Zk)(u“uﬁaaaﬂu,- + u"aauﬁa,-ue - u"‘amu,-aaup - uaaaugapui)
+ izau Fai =0
c
Taking k = 2/c*, we obtain the field equations for empty space
0.Fy =0 20)

If we introduce two parameters €; and g, €opo = 1/c?, then equation (20)
yield equations (6).

The derivation of the field equations in the interior of matter will be
omitted here.
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4. FIELD DUE TO A MOVING MASS POINT

As was shown above, the gravitational field equations are expressed
in the form of Maxwell’s field equations in electrodynamics. Thus, in the
Lienard—Wiechert potential (Pathria, 1963) let the origin of the system S
with respect to which the charge has velocity u coincide with the point of
observation; we obtain ® and A of a mass point moving arbitrarily:

o=-F Sy @1)
s c’s
where s = r + r-V/c, =V = —dr/dt' is the velocity of the mass point with

respect to the system S fixed at the point of observation, ¢' = ¢ — r(t')c,
= km, k is the Newtonian constant of gravitation, and r is the radius vector
directed from the position of the mass point at time ¢’ to the point of observa-
tion. Moreover, r, r, and V must be taken as corresponding to the time ¢’
and not to the time ¢. From these, one can directly calculate the field intensities
L and M by means of the relations (4):

2 X
L= CSV—S—( + v)( zz_ECTV> (22)
M=-S50xV)- (rxV)(l—K—ETV)
C [

where V = dV/dr'. On the other hand, by taking the Lorentz gauge we can
obtain (21) directly from the field equations (6). Expanding r, r, and V into
Taylor series based on the point ' = ¢, we have

syt = [1 - r_¥ + V) ‘2‘]3)2] + 0(c™?)

r cr cr
_|r, 2 V. _(Vy -3
- [r * 2c%r + 2%r  2c%r3 :l: + 0™
V@) = ( f ) + 0(c7?)

and it follows that

L= [(-.FL oW V) 3“(r'v)2)r - V] +0(c™)

r¥ 203 2¢%r3 2cr3 2¢%r

M = [—c—fr—j r X V)] + 0(c™Y (23)

t
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di! J1 — v¥c?, where

= (6 (4)- ()

and from (3) we have

It is simple to see that the interval of the mass points proper time d7 is

du

—|=L+VX 24

[B)-svam =

We checked that L. and M expressed in (23) satisfy equations (5) and (6).
Substitution from (23) into (24) yields

d*>
E r= ﬁ r+ F
where
3u(dr/dr)? w2 3u(r - dr/dey? 2p(r - dr/dr) dr
F=-—"—5—"~+ + + L)
( 2¢%r3 cArt 2¢%r3 r cr? dr (25)

We neglect the terms of O(c™%) in (25).

If R, S, and W denote the orthogonal components of the perturbing
acceleration F (R radially outward, S in the orbital plane orthogonal to R and
directed with the motion, and W orthogonal to the orbit in such a sense that
RSW forms a right-handed triad), then we have

2 2 . i)2
3y +p._+7p.(r )

k= 23?2 2c%r*
g2 2BV 2u(re i)

hcr? hc?rt
W=20

where h = (up)'?, p = a(l — €%), a is the semiaxis, and e is the eccentricity.

By using a convenient method (Cui, 1984) based on the planetary equa-
tions (Groves, 1965) we obtain the displacement of the perihelion after one
period of revolution of the planet:

Aw = ——-62“’“
cp
This result is the same as the corresponding result of the general theory
of relativity.
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